THE DISCREPANCY OF THE CHAMPERNOWNE CONSTANT

VERONICA BECHER AND NICOLE GRAUS

ABSTRACT. A number is normal in base b if, in its base b expansion, all blocks of digits of
equal length have the same asymptotic frequency. The rate at which a number approaches
normality is quantified by the classical notion of discrepancy, which measures how far the
scaling of the number by powers of b is from being equidistributed modulo 1. This rate
is known as the discrepancy of a normal number. The Champernowne constant cigp =
0.12345678910111213141516. . . is the most well-known example of a normal number. In 1986,
Schiffer provided the discrepancy of numbers in a family that includes the Champernowne
constant. His proof relies on exponential sums. Here, we present a discrete and elementary
proof specifically for the discrepancy of the Champernowne constant.
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1. NORMAL NUMBERS

More than a hundred years ago, Emile Borel defined the property of normality of real
numbers: a real number is normal in a given integer base b if in its expansion in base b all
digits have the same asymptotic frequency and furthermore, all blocks of digits of equal length
have the same asymptotic frequency. Borel proved that almost all real numbers, with respect
to Lebesgue’s measure, are normal in all integer bases greater than or equal to 2. A nice
version of this proof appears in Hardy and Wright’s book [8, Theorem 148].
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F1GURE 1. Plot of the expansion of the first 250000 digits of Champernowne
constant in base 10, in base 2 and in base 6, from left to right. In each base
each digit is assigned a different color, and the digits in the expansion are
displayed in row-major order.

Borel would have liked to give an example of a normal number that is one of the mathe-
matical constants such as 7, or e, or V2. But so far none of these has been proved normal in
any base. It remains an open problem [3], [I].

The best known example of a normal number is Champernowne constant,

c10 = 0.123456789101112131415161718192021222324252627 ...

Its expansion is the concatenation of all positive integers expressed in base 10 in increasing
order. David Champernonwne defined it specifically to be an example of a number that is
normal in base 10 [4]. He did this work in 1933 with the supervision of G.H. Hardy while he
was a student at King’s College, Cambridge [9]. Champernowne’s proof is elementary, based
on a rigorous counting.

Notice that cjp expressed in base b, for b # 10, is different from the Champernowne
constant ¢, which is the concatenation of the positive integers expressed in base b, in increasing
order. Figure [I] depicts the expansion Champernowne number constant ¢ expressed in base
10, in base 2 and in base 6. It is not known whether c;g is normal to any integer base other
than 10.

In this note we present all the definitions and results in base 10. It is is equally possible to
make the presentation for an arbitrary base b greater than or equal to 2.

For any real number « € [0,1), its expansion in base 10 is the sequence of digits (a;)ien
such that «; € {0, ..,9} and

a=la]+ Zail()_i.
i>1

In case « is a rational number, it may have two expansions and we choose the one ending with
a tail of Os.

Definition (Ocurrences counter). Let £ € N and let B = (b; ...bx) be a block of digits b; €
{0,...,9} of length k. Let N € N. We define occ(a, B, N) as the number of occurrences of
the block B in (g o ... ) as k consecutive digits,

occ(a, B[ N) =#{i:aj...0;py5-1=0b1...bp, 1 <i < N—Fk+1}.
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Example. For N =20, B = (131) and o = 0.1331132113131751319 1 31 occ(«r, B, N) = 3.0
oly
Definition (Normal number in base 10). A real number « is normal in base 10 if for all k € N
and for every B block of digits of length k,
lim occ(a, B, N) _ 1
N—00 N 10%°

Example. The rational number 0.0123456789 0123456789 0123456789 ... is not normal be-
cause although the frequency of each digit is 1/10, the frequency of the block (1 1) is 0.0

2. DISCREPANCY ESTIMATE OF NORMAL NUMBERS

Normality can be expressed in the theory of uniform distribution of sequences modulo 1.
A number is normal in a given base b if the scaling of the number by powers of b is uniformly
distributed modulo 1, [5]. The rate at which a number approaches normality in a base b is
given by the classical notion of discrepancy.

The discrepancy of a sequence (x,)neny C [0, 1) measures how far is the sequence from being
equidistributed in the unit interval.

Definition (Discrepancy of a sequence). For a sequence (2, )nen C [0, 1) the discrepancy of
it first N terms is
#{n:xz, €la,b),1<n<N
D ((zn)nen, N) = sup s, N) b
0<a<b<1

(b—a)l.

For normality in base 10 we consider for each real number, the scaling of the number by
increasing powers of 10. If the expansion of a in base 10 is given by o = 0.1 a3 a3 .. ., we
consider the sequence (x,,)neny Where

1 = 10°%@ mod1 = Oojasag...
ze = 10'a mod1 = 0Oaoagay...
z, = 10"'a modl = 0.0 Qpp1 Qnga...

Definition (Discrepancy of a number for base 10). For « € [0, 1), its discrepancy for base 10 is
D(a,N)=D ((10”_1(1 mod 1)pen, N) .
Proposition. A real number « is normal in base 10 if and only if A}im D(a,N) =0.
—00
Example. Let a € [0,1) and let (;);en the sequence of digits in its decimal expansion.

Partition the unit interval [0,1) into intervals of size 1/10. To ask in which of those ten
intervals is « is equivalent to determine a;q,

a € [0 11 2 if and only if a3 =0
a e [%, @) if and only if a3 =1
o< [1—, 1—) if and only if a3 =2

« E [— 1) if and only if a7 =9.

For instance,
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a=0.3.

i 2 3 4 5 6 7 8 3
0 10 719 10 10 10 10 10 10

Recall that for rational numbers having two expansions we commit to the expansion ending
with an infinite tail of Os instead of the infinite tail of 9’s. This is justified because we are
working with intervals that include the left point, For example, a = 0.30000 = 0.2999... and
a € [3/10,4/10), so it is justified that we chose the expansion that sets a; = 3.

If instead of partitioning [0, 1) in 10 intervals, we partition it in 100 intervals of size 1/ 102,
then to find out the subinterval containing o we need to determine the first two digits of its
decimal expansion, oy and as. For instance,

2
{1302, 13(?2> if and only if 1 =3 and ap = 2.

a=032...
HHHHHHHHHHAHAH A A
0 30 40 1
102 102

For each n € {1,..., N}, we need to identify the interval of size of size 1/10" that contains
z, = 10" ' mod 1, For instance, partition the interval [0, 1) into 1000 intervals of size 1/10°
and consider one of them,

;o [325 52
~ 1037103 )¢
Since x,, = 10" 'a mod 1 = 0.0 Qg1 Qg2 - . ., we have that

xpn € I if and only if a, =1 and a1 = 3 and a0 =0
ifand only if a = 0.1 ... n—1325 apys3....

xn =0.325. ..
bt ———— 1
3 325 326 4
10 103 103 10

That is, z,, belongs to the interval I if and only if there is an occurrence of the block B = (325)
in the digit number n of a. Thus, if we take k = 3, the length of the block B, then

#{n:x, € ,L1 <n< N} =#{n:(a,ant1 ant2) =(325),1 <n < N}
=occ(a, BN +k—1).
O
We use Landau’s notation to make estimates. For functions f and g over the real numbers,
and g strictly positive, we write f(x) = O(g(x)) if there exists a positive constant C' and a
value zg such that for all x > zo, |f(x)] < Cg(x). And we write f(z) = o(g(z)) if for all
positive constants C, there exists xo such that for every = > xo,|f(z)| < Cg(z).
Schiffer in [I4] gives the discrepancy of numbers in a large family, but of Lebesgue measure
zero. He proves that for any non-constant polynomial f with rational coefficients such that
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f(n) € N for all n € N, the discrepancy of the real number o whose decimal expansion is
formed by the concatenation of the values of f evaluated on the positive integers,

a0 =0.f(1)f(2)f(3)...

satisfies the following: There are two constants K7 and K5 such that, there are cofinitely many
N for which D(o, N) < Ki/log N; and there are infinitely many N for which D(a, N) >
Ky/log N. Nakai and Shiokawa in [I2] generalize this result for non-constant f with real
coefficients, such that f(¢) > 0 for all ¢ > 0. Schiffer’s result applies to the Champernowne
constant taking the polynomial f(x) = x. In this note we give a discrete an elementary proof
of of the exact discrepancy of the Champernowne number.

How does it compare the discrepancy of the Champernowne constant to the discrepancy
of other normal numbers? The minimum discrepancy achievable by a normal number is
still not known. The question was posed by Korobov in 1955 [10], see also Bugeaud’s book
[3]. Without restricting to sequences of the form (b"a),>1 the minimal discrepancy known:
Schmidt [I5] proved that there is a constant C' such that for all sequences (z,)neny C [0,1)
there are infinitely many N where the discrepancy of the first NV terms, is above C'log(N)/N.
And the discrepancy of first N terms of the van der Corput sequences is O((log N)/N) so this
is the minimal discrepancy that an arbitrary sequence (x,),>1 can have [I1].

Surprisingly, almost all numbers in the sense of the Lebesgue measure are normal with the
same discrepancy. Gal and Gal [7] proved an upper bound for the discrepancy of almost all
numbers with respect to Lebesgue’s measure. Philipp [I3] gave the explicit constants, and
Fukuyama [6] refined them, obtaining that for every base b > 1, there exists a constant K
such that for almost every real number «,

) VN D ((0"a mod 1),>0,N)
lim sup =
N—o0 log(log NV)

— K.

That is to say that for almost every real number «,

B V/log(log N)
D(a,N)-O(\/N >

Gal and Gal showed that the discrepancy of almost all numbers is below the law of the
iterated logarithm. This, in turn, is below the of discrepancy of Schiffer’s numbers. Thus,
Champernowne constant approaches normality much slower than almost every number.

The set of bases to which a real number can be normal is not tied to any arithmetical
properties other than multiplicative dependence (for integer bases r and s, if " = s for
some m,n € N, a number is normal in base r exactly when it is normal to base s). For
any given set of bases closed under multiplicative dependence, there are real numbers that
are normal to each base in the given set, but not normal to any base in its complement. In
[2, Theorem 2.8] Becher and Slaman show that the discrepancy functions for multiplicatively
independent bases are pairwise independent.

3. STATEMENT OF RESULTS

Here we give a discrete and elementary proof of the exact discrepancy of the Champernowne
constant cig. Schiffer [I4] provided the discrepancy of a family of numbers that includes cig.
His proof relies on exponential sums. This is and alternative proof of Schiffer’s result specifi-
cally for the Champernowne constant.
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Theorem 1. Let cig be the Champernowne constant for base 10. Then, there is a constant
K7 > 0 such that there are cofinitely many N such that D(c19,N) < K /log N.

Theorem 2. Let c1g be the Champernowne constant for base 10. Then, there exists a constant
Ky > 0 such that for infinitely many N, D(c19, N) > Ka/log N. In particular, one can take
Ky =1/(10%3).

Remark. Theorems(l]and[2]imply that D(ci0, N) = O (1/log N) and D(c10, N) # o (1/log N).
That is, the estimate cannot be improved.

Remark. Theorems [l] and [2| hold for any other integer base b > 2 with the definition of
Champernowne constant ¢, for that base (the concatenation of all positive integers represented
in that base). The constants K7, K2 depend on the base b.

4. Basic TooLs

In the sequel the Champernowne constant is called ¢ = ¢,
c=0.12345678910111213141516171819202122.. ..

We define three sequences.

Definition. Let (¢;);en, where t; = i, be the sequence of terms that concatenated yield the
expansion of c.

Definition. Let (¢;);en, where each ¢; € {0,..,9}, be the decimal expansion of c.

For example, ¢;1 = 0 and ¢4 = 1, because

Cc2 C11
{ |
c=012345678910111213141516....
& o el

Definition. Let (2, )neny = (10" ¢ mod 1),en.
Thus, 21 =0.12345...,290=0.23456...,...2, =0.cp Cnt1 Cpny2 ...

Definition (Overlapping occurrences). An occurrence of B in ¢ is overlapping if B occurs
between two or more t;. We denote occ,(c, B, N) to the number of overlapping occurrences of
Bin (c1c...cn).

Definition (Non-overlapping occurrences). An occurrence of B in ¢ non-overlapping, if B
occurs within a single term ¢;. We denote occpo(c, B, N) to the number of non-overlapping
occurrences of B in (cj ¢a...cn).

Example. For N = 36 and B = (12). Then, occ,o(c, B, N) = 1, because
c=0123456789101112131415161718 1920 21 22 %324...

TN
And occ,(c, B, N) = 2, because
c=01234567891011121314151617 18192021 22 %324....

TN

Remark. occ(c, B, N) = occpo(c, B, N) + occo(c, B, N).
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Definition (segment sy). Given ¢ € N, s, is the concatenation of terms formed by all natural
numbers of ¢ digits ordered in ascending order, that is, from 107! to 10° — 1,

¢ digits ¢ digits
—— —
se=(10...0,...,9...9).

Example. s1 =(123456789), so=(101112...9899), s3 = (100 101...998999). O

Definition (The numbers v = v(N) and n = n(N)). For N € N, let v = v(N) be such that
T(v) > N and T'(v — 1) < N. Let n = n(N) the number of digits of v.

Definition. For v € N, T'(v) is the number of digits in the expansion of ¢ up to the term v.

Example. For v = 11, T'(v) = 13, since there are 13 digits in 1234567891011. O
Example. For N = 14, then v = 12 and n = 2, since T'(v) =15 > N and T'(v—1) = 13 < N.

i
c=0.1234567891011%213...
cN

a

Definition (Lengths L and M). Given N, we define L = L(N) as number of digits from s;
to Sp—1,

n—1 A
L=Y j-9-100"
j=1
We define M = M(N) as the number of digits within s,, to the number v.
n .
M=nv—-10""1+1)=n (Z 010" — 10"t 4 1) :
i=1
Remark. Given n € N, let L = L(N), M = M(N),n =n(N). Then,

" 10" 1
1 L<N<L+M=) 910"t =ni0" - — + =.
(1) <N<ZL+ jz;] n 9 +9

Definition. occ,,(B,v) is the number of non-overlapping occurrences of B in all n digit terms
less than or equal to v, where n is the number of digits of v.

Definition. occ,(B,v) is the number of overlapping occurrences of B in all n digit terms less
than or equal to v, where n is the number of digits of v.

Definition. For ¢ € N, occy,(B, s¢) is the number of non-overlapping occurrences of B in sy.

Definition. For/ € N, occ, (B, s¢) is the number of overlapping occurrences in sy.

5. THEOREM [I} UPPER BOUND

We give an upper bound, for every N, of D(¢, N).



8 VERONICA BECHER AND NICOLE GRAUS

5.1. Counting occurrences. We start with the following lemma.
Lemma 1. Given N € N and B a block of length k > 1, then
occ(c, B,N) = 107N + O(10" %),
where the hidden constant in O(10"%) does not depend on B.
Proof. Let N € Nand B = (by,...,br). We know that
occ(e, B, N) = occpo(c, B, N) + occy(c, B, N).

We separate the proof into steps.
Step 1: We estimate occpo(c, B, N), the non-overlapping occurrences.
Step 1.1: For each £ > 1 we show

0cCno(B, sp) < 10F + (l—kK)-9- 1061

If ¢ < k, then occpo(B, s¢) = 0, since B does not fit within a block of ¢ digits.
If ¢ > k: We want to count the amount of numbers of the form:

Yy=x*...xBx...x
N————
£ digits
where the asterisk * represents any possible digit. We move the position of B and count in

each case:
e We count the amount of numbers of the form

=B x...%
Yo
{—k digits

that is, £ digit numbers that contain B in the first position:
If by = 0: There are 0 numbers of the form g, since no natural number begins with 0.
If by # 0: There are 10°°% numbers of the form yo, so we can choose the last ¢ — k digits
between 0 and 9.
e We count the amount of numbers of the form
y1=_% B x...x
~— ~——
1 digit {—k—1 digits
that is, ¢ digit numbers that contain B in the second position: There are 9 - 10 - 10°7%~1
numbers of the form ;.
e We count the amount of numbers of the form

= *x%x B *x...%
Y2
2 digits  ¢—k—2 digits

that is, £ digit numbers that contain B in the third position: There are 9-10- 10°7%=2 numbers
of the form yo. Because:

o 9 is the number of values that the first digit can take (between 1 and 9 since it cannot
take the value 0).

o 10 is the number of values that the second digit can take (between 0 and 9).

o 10772 is the number of values that the last ¢ — k — 2 digits can take.
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e We count the amount of numbers of the form

ys = *x * B x...x
—— ——
3 digits  £—k—3 digits

that is, ¢ digit numbers that contain B in the fourth position: There are 9 - 102 - 10¢7%3
numbers of the form ys.

e Continuing like this, we arrive at the last position: We count the amount of numbers of
the form

L= %x...x B
Yo—k
0~k digits

Of—k—l

that is, ¢ digit numbers containing B in position £ — k + 1 : There are 9-1 numbers of

the form yy_g.
Overall we obtain that for each j € {1,...,¢—k}, the amount of numbers of the form y; is

9-10k1,
Therefore, if b; = 0:

—k
0cCuo(Byse) = 39100751 = (= k) -9 107+,
=1

if by # 0:
l—k

octno(B,s) = 10 +3 910 F1 = 1057F 4 (£ — k) -9 1075
j=1

Then, for all £ > k,
0CCno(B, s¢) < 10°7F + (0 — k) -9 - 107+,
Step 1.2: We show that

n—1
occno(c, B,N) = Z occno(B, s¢) + occno(B,v) + O(n).

l=k
To count non-overlapping occurrences of B up to the position N, that is, occpe(c, B, N)),
we count occurrences in s, for each ¢ € {1,...,n — 1} that is, occpe(B, s¢), and then count
the occurrences in s, by cutting it at v (that is occpo(B,v)). Finally, the O(n) comes from
substracting the possible occurrences of B within v after the N’th digit, there could be at
most n — k of those occurrences.

Example. For N = 9523, v = 2658 and n = 4,
ILI
c=0.1...910...99100...9991000...2658 2658
N —— v

9:1 90-2 900-3 1658-4 CT\I
digits digits digits digits

Let’s take B to be any two-digit block, that is, ¥ = 2. To count non-overlapping occurrences
up to N, we have

0CCno(cy, By N) = 0ccpo(B, $2) 4+ 0cCno(B, $3) + 0ccno(B,v) + O(n)

occurrences occurrences occurrences occurrences
in s2 in s3 in s, until v after cny
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because
s1 S9 s3

T L 1I 1 ILI
c=0.1...910...99100...9991000...2658 2?58.

CN

Then, the procedure consists of first, counting the occurrences in s; (which are 0 because
k = 2), in s and s3; then count the occurrences from 1000 to 2658; and finally, subtract
possible occurrences in the last two digits of v. O

Step 1.3: Bound occp(B,v). which is the amount of numbers of the form

y=x...xBx.. .x with y < v.
—_—
n digits
If n < k: occpo(B,v) =0, because, B does not fit inside blocks of length n.

Ifn>k: Let v= ZvilO"*i =v1...0,. Given j € {0,...,n — k}, we define:

i=1
J
a; = Zviloj’i =V1...9j
i=1
Again, we move the position of B and count in each case: Given j € {0,...,n—k}, let us call

0CCno(B, v, j) the amount of numbers of the form

yi=*...x B x...% with y; < wv.
~—~— S~
j digits n—k—j digits
Case j = 0. We want to count the amount of numbers of the form
— B %.-.
Yo ook
n—k digits
We note that again, if by = 0, then occ,o(B, v, j) = 0, since there are no numbers that begin

with a leading zero. Now, if by # 0, we must separate cases, since occno(B,v,j) depend on
who is B and who is v.

o If B> wy...v5 occno(B,v,7) =0, then yo > v.
o If B=w;...05: 0cCpo(B,v,j) = Vg+1 ...y + 1, then the last n — k digits of yo we can
choose between 0 and vgyq ... vy.
o If B <wy...v5: 0cCno(B,v,j) = 10""F then the last n — k digits of yo can take any
value from O up to 9...9 .
——
n—k digits

Therefore, occpo(B,v,0) < 10",

Case 1 <j<n-—k.

OCCnO(B,’U’j) = (% _ 10j—1 4 03) 10n—k—j

L IChoose the last
n—k—j digits

Choose the first
7 digits

J
=107* (Z ;10" — 10" + 0j10”f> where 0 < 0; < 1.
=1
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Let’s see why the first equality is valid. For y; to be effectively less than or equal to v, we
must choose the first j digits within (1Oj_1, ...,aj). It depends on the values of B and v,
whether we are taking a; inclusive or exclusive.

Example. B=(31),n =4, v=2325 and j = 1. So,

0CCno(B,v,1) = 2 , 19 = (2— 10" 4 6y)10 2!
Choose thefirst digit Choose the

between 1 and 2 fourth digitbetween 0 and 9

with 61 = 1. In this case, we are taking a; = 2 inclusive. O
Example. B=(31), n =4, v=2305 and j = 1. Then,

octno(By0, 1) = 1 - 10 = (2—-10"1 4+61)10*27L, with 6, = 0.
The first Choose the
digit only fourth digit
can be 1 between 0 and 9

with 61 = 0. In this case, we are taking a; = 2 exclusive. O

Example. B=(31),n=4,v=2315and j =1. So,

0cCno(B,v,1) = 10 + 6
If the first If the first
digit is 1, digit is 2,
choose the fourth choose the fourth

digit between 0 and 9  digit between 0 and 5
=(2—-10""H10* 271 4 (10" — 4)

— (2 10-1)1042-1 4 1021 1__j£
10

4

=(2—-10""14+60)10* 27, with 6; =1 — o

O

Recall M is the number of digits from 10" ! to v, that is, the number of digits in s,, up to the

number v. Then, Recall L the number of digits from 1 to 10"~ — 1 By , L<NZL+M.

Indeed, N = L + M — O(n) because in the worst case, N is the position of the first digit of v
and we have to subtract n — 1. We have,

0CCno(B, ) E occno(B,v,j)

—k j
n—=k —k S
<10" %410 Z
7=0

—0 i=

v; 10" — 10" + ;10"
1

n—k j n—k j
=107 D (0" = 10" + ) 0> 6,107 | + 010" F)
J=0 =1 j=0 i=1
n—k j
<107 [ —(n—k+ 110"+ ) 0> 010" | +10° ’“10"23—+0 (107F)
7=0 i=1
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n—k j
=107" | =(n—k+1)10" "+ >3 0,107 | +0(10™) + 010" )
=0 i=1

n—k

<107F | =(n—k+ 110"+ 010" (n—k—i+1) | +0(10"F)
j=1

<107 M + 010" %)

Let’s see why the last two inequalities are valid. For the previous to the last we have

n—k j 0 1 n—k
Z Z v; 10" = Z v 1077 + Z v 10" Z v; 107"
j=0 i=1 i=1 i=1 i=1

= (110" 1) + (011077 + 010" 2) + .+ (110" 4L 4 vy 10" (TR
n—k '

= Z v 10" (n—k—1i+1)
=1

For the last we have,

n—k n
—(n—k+ 110"+ 010" (n—k—i+1) < —nl0" 410" (k- 1) +n Y 010"
j=1 i=1
< M+ O(10™).
We conclude,
n—1
ocCpo(c, By,N) = 0CCno(B, sp) + 0ccno(B,v) — O(n)
=k
(2) n—1
<Y 10F 4+ (0 —k)-9-10F 107k M + 01077,

~
Il

k
where the hidden constant inside O(10"~*) does not depend on B.

Step 2: We bound oce,(c, B, N), the number of overlapping occurrences.
If kK =1, there are no overlapping occurrences of B, so we assume k > 1. Observe that

occo(e, ByN) < Z occo(B, s¢) + O(n).
(=1

The worst case for IV is realized in the last digit of v when v is the last number in s,,
v=10"-1=9...9,
——
n digits
so should add each occ, (B, s¢) up to £ = n. The O(n) comes from summing all the overlapping
occurrences that could appear between two (or more) sy. At most there are kn of those

occurrences, that is k occurrences for each sy). We can bound them by a constant that does
not depend on the choice of B.
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Step 2.1: We bound occ, (B, s¢).

Case ¢ > k. For blocks of length ¢ > k, there can only be overlapping occurrences two
blocks, and no more. If z is a number of ¢ digits, and overlapping occurrence of B between x
and = + 1 can happen only if the last digits of = are (b1,...,by—;) and the first digits of x 41
are (by—j41,-..,bx) for some j € {1,...,k —1}. Therefore, x must be of the form

xzbk_j+1...bk X ...k bl---bk—j‘
{—k digits
Since there are ¢ — k free digits, z can at most take 10°* values. Then, for each
j€{l,...,k—1}, B can occur overlapping blocks of length ¢ at most 10°7F times. Therefore,
k—1
occo(B, sp) < Z 10°°F = (k —1)10°F,
j=1
Example. For / =6, B=(1234), k =4. Then, the overlapping occurrences of B are:
T ‘ z+1
234 %« x1 | 234 % %2

34 % %12 |34 % %13
4 % %1234 % x124

Then, occo(B,sy) = 3 - 10%. In this example equality applies because the block B consists of
all different digits. But, if B has repeated digits, we could be counting the same occurrence
repeatedly. That’s why we get a bound for occ,(B, s¢) and not an equality. O

Example. For / =6, B=(1111), k =4, the overlapping occurrences of B are:

x | z+1
111 % %1111 % %2
11 % %11 |11 %x %12
1 xx111 |1 %x=x112

Then, occo(B,sp) < 3+ 10%2. The equality would imply that numbers such as = 111011 be
counted twice of (once in the first row and once once in the second row). O
Case ¢ < k. To simplify the work, and as it is sufficient for the bound we are looking for,
we bound all overlapping occurrences B from s; to sp_1 in terms of the number of digits from
$1 to si_1, that is, the number of digits in
12...1011...100...999... 10" 1 —1
| F—
(It has_k‘g: igdigits)

Then,
k—1 k—1
g occo(B, sp) < 9.10t .
| I—— | u
/=1 i=1 Amount of Amount
numbers in s; o
digits

Therefore, we bound the overlapping occurrences, concluding Step 2:

n k—1
(3)  occo(e, B,N) <D 107Kk —1)+> 910071
{=k j=1
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Using the bounds (2|) (from Step 1) and ( from Step 2) we obtain,
oce(c, B,N) = occno(c B, N) + occo(c, B,N)

<Z10€ K900 — k)10 10" % +107F M + 010" F)

k—1
+ Z 1075 (k= 1)+ 9-1077"
(= j=1

—2104 F 4900 — k)10t 1 107F M

n

- Z 107k — 1) + o(10" %),
Then,
n—1
oce(c, B, N) <Y 10°771(10 4 90 — 9k + 10k — 10) + 10" *(k — 1) + 107" M + O(10" )
=k .
=107k ;; 1019 0+107F k- o Z 10°0(10" %) + 107* M + O (10" %)

o\ -9 -9
=107*L + 010" %) + 107" M + O(10" %)
= 107*N + 00" ).

1—10" 1-— 10k
<107 fL4+107% k- — ( > + 010" %) +107*M + O(10"F)

5.2. Proof of Theorem [1. We need to show that there exists Nyo € N and C > 0 such that

1
for all N > Ny, D(¢, N) < Cli. We introduce notation. For 0 <a<b<1and N € N,
og N

#{j € {l,.... N} :2; €[0,b)}
~ — (b—a).

D(c,a,b,N) =

Then,

sup |D(c,a,b,N)| = D(c,N),
0<a<b<1

To bound the discrepancy of ¢ we should take supremum of |D(c,a,b, N)| over all intervals
[a,b) C [0,1). Let us see that it suffices to consider intervals of the form [0,b). Suppose we
have proved it for every interval of the form [0, b), that is, for every N > 1,

#{je{l,...,N}:xje[O,b)}_b'<K

sup |D(c,0,b, N)| = sup

0<b<1 0<b<1 N ~ log N’
For every N > 1, |D(c,a,b, N)| is equal to
#{je{l,....N}:z,€[0,0)} —#{je{1,...,N} :z; € [0,a)} Cbta
I )
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Then,
] 1,...,N}:x, ,b j 1,...,N}:x; ,
|D(C,(Z,b,N)|§ #{]E{’ ) } €z 6[0 )}—b+ #{jE{ } (17]6[0(1)}_
N N
<2 sup |[D(c,0,y,N)
0<y<1

<2 K

— log N

_C

~ logN’

K
We now prove that for every N > 1, for all b € [0,1), sup |D(c,0,b, N)| < ——, where
0<b<1 log N

1
the constant K does not depend on b. It is enough to see that |D(c,0,b, N)| = O (1 N)’
0og

for all b € [0,1), where the hidden constant in Landau’s O does not depend on b. We divide
the proof in three steps.

k
Step 1: Let ke Nand a € [0,1), a = 0.a1 ..., = Zailo_i. Let N € N. We show

i=1

107%
—k .
D(e,ara+ 10 ,N>|—0<IOgN),

where the constant does not depend on a.. For B = (v, ..., ax) we have,
#{je{l,...,N}:z; € [a,a+107%)} = occ(c, B,1, N) + O(k).

The term O(k) comes from counting the possible occurrences that could occur after the digit
cy and up to the digit cyyx—1. Using Lemma [I] for the second equality we obtain,

1 k
|D(c,a,a+107% N)| = Nocc(c,B,N) —-107*+0 <N>‘

I I Lok -k k
—Nl() N+O<N10 ) 10 +O<N

1 k
— -k —k\ _ —k
(4) — |10 +O<mgvm ) 10 +O<N>‘

Lok
= 1
O<b@VO )’

1 —k
for N large enough (since k is fixed). By Lemma , the hidden constant in O (10(; N) does

not depend on «.
Recall that N is the position at which we find v, v is a term with n digits, L is number of
digits from s; to s,_1, and M is the number of digits within s, to the number v. Let us see
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why equality holds. We prove that for for sufficiently large N
10"/N < 2/log N,
Using L < N we have,

2N 2 ot 1 1\ 1 1
= > = — 11t — Z)>2 —N=—=)=>2(n—-1-=] > n+logn.
07 2 100 <(n )10 9 +9>_ ((n ) 9> T (n 9>_n+ogn

And using N < L + M we have
log N < n+logn,

So,
log N < n+logn < 2N/10".

10°*
m@ommm!D@¢La+1U%JWV:O<mgN>'

h
Step 2: Let he Nand vy € [0,1), y =0y ...7, = 2%10—". We show
i=1

1
Do =0 ().

whose constant does not depend on . This is the desired result just for intervals whose

extremes - are numbers with finite decimal expansion. Let k € {1,...,h} and j € {0,..., 7}
We define

k—1
Mg = 7107 4+ 5107% = 091 ..y 5
i=1
Then, it holds that
k—1
Mejr =107 + (G +1)107F = A +107F,
=1
We observe
)\170 =0 N )\1,1 =0.1 5 e )\1’71 = 0.’71
A2 =071, A1 =071, oo Aoy, = 0.1 gammas
)‘h,O = O.’yl c oo Yh—1 )‘h,l =71 - -'Yh—ll s e )‘h,’Yh = 0.’)/1 oY=
Then,
h v—1 N h -1 h ve—1
)P IPISIERINERCEES 55 B DERIRICOED b DR
k=1 j=0 n=1 k=1 j=0 k=1 j=0
N
S PIVNTRES it

1

n
N

1
=+ 2 Xioo)(@n) =
n=1

= D(c, 0,7, N).
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Hence,

h
D(e,0,7, N)| <> > 1D(e, Aty Akt V)|
k=

D(C )‘k%j’ >\k,j + 10_k, N)

> by step 1, taking N sufficiently large

where the hidden constant in O < ) does not depend on +, nor on h, since

1
log N

30 (i) =0 (i ) 57" < (i)

1
Step 3: Let 5 € [0,1). We prove that |D(c,0,5,N)| = O <1N> Let N € N. Let’s take
0g

h = [log(log N))]. If 8 has a finite decimal expansion, then we are in the case of Step 2 and
the proof is complete. Otherwise, 5 =0.8102...06r0h+1 ... Let a,v € [0,1) be such that

a§6§77

Y- = 107",
al0? e N,
710h eN.
That is to say, « = 0.61...0, and vy =a + 107" So,
L
D(c,0,5,N) = == > Xjo.6)(zn) = B

n=1

= 0

1

= NZX[O@(“T") —7+7—a=D(c0,7N)+107"

n=1
Similarly,
| X
_ —h
D(c,0,5,N) > NZIX[O’@(:C") —a+a—v=D(0,a,N)—107".
n—=
Then, D(c,0,c, N) — 107" < D(¢,0,8,N) < D(c, 0,7, N) 4+ 10~". Therefore,
|D(c,0, 8, N)| < max{|D(c,0,a, N) = 10~"|,|D(c,0,v, N) + 10|}
< max{|D(c,0,a, N)|,| D(c,0,7, N)|} + 107"

1
=0(——)+10"" by step 2
O(logN>+0 y step
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1
_O<10gN>'

The proof of Theorem [I]is complete. O

6. THEOREM B} LowER BOUND

We prove a lower bound for the discrepancy D(c, N). We need to find out how much the
number of occurrences of the blocks of equal length can differ. It suffices to find only two
witnessing blocks one whose occurrences are in excess and the other in defect.

6.1. Witnessing Blocks. The statement of Lemma[2]is due to Schiffer [I4, Lemma 2|. This
is our version of the proof.

Lemma 2. Let « € [0,1). Let By and By be blocks of equal length k. Suppose there ezists a
constant C' > 0 such that for infinitelly many N € N,

locc(a, By, N) — occ(a, Ba, N)| > C

log(N)’
Then, there exists a constant K > 0 such that for infinitely many N € N,

D(N,a) >

log(N)
Furthermore, it holds for the constant K = C/3.
Proof. Let By = (by...bg), Bo = (dy...dy) and a = 0.a1 ag ag... € [0,1). Let

Br=00by...bp=F 5,107 and Bo=0.dy...dp=3F  d;107
Li=1[B, f1+1077)C[0,1) and Io=[B, f2+107%)C[0,1).

Observe that a € I if and only if (ay...ax) = (b1,...,b;). And o € I if and only if (o ... ) =
(di,...,dx). Let N € N be such that N + k — 1 satisfies the hypothesis of the statement,

N+k—-1
By, N+k—-1)— By, N+ k-1 —_
loce(a, By, N + ) — occ(a, Ba, N + )| > Clog(N+k— 0
So,
D(a, N) = D((10"'a mod 1, N),en)
1,...,N}: 1071 d1 b
= sup #n el N} 107 o mod1€ o )}—(b—a)
0<a<b<l N
. n—1 .
> max #{ne{l,...,N}: 10" "« modlEIl}_lofk
i=1,2 N
B occ(a, Biy N + k —1) k
®) gt N -
(6) < locc(a, Bi, N + k — 1) — oce(ar, Bay, N + k — 1))
- 2N
C(N+k-1)
2Nlog(N +k—1)

S c
~ 2log(N+k—1)
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To see inequality notice that 10" o mod 1 € I, if and only if o, = by, ... s Qpk—] =
b, and this happens exactly when Bj occurs in (ay,...,ap+k—1). The same holds for Bs.
Observe that when n = 1, we consider the occurrences in (. ..ayx), and when n = N, we
consider the occurrences in (an,...,AN+k—1)-

To see inequality @ notice that

loce(a, B, N + k — 1) — oce(a, B, N + k — 1)|

2N

_ 1oce(o, By, N +k —1) 10-* occ(a, By, N +k —1) Lok
2 N N

1 (|occ(a, By, N +k—1) ke occ(a, By, N + k — 1) “k
<= 1 1
<3 ( = 0 + = 0

1 occ(a, By, N + k — 1) —k
< = — .
ey 3

We obtained that D(a, N) > C/(1log(N+k—1)). To finish the proof we can take K = C/3
because, since k is fixed, for sufficiently large N,
C S C
2log(N +k—1) — 3log(N)

O

6.2. Proof of the Theorem [2 We use Lemma 2] Let By and Bs be of equal length k > 2,
By = (0...0) the block of all zeros, and By = (11 x...x%), where the asterisk % represents any
digit between 0 and 9.

Example. Let £ =2, By = (11) and B2 = (00), Let’s see that B; has occurrences in excess
and Bs in defect. Notice that By has overlapping occurrences in the expansion of ¢ bit Bs does
not, because By is the block of all zeros and there aren’t terms ¢; beginning with a 0. For the
non-overlapping occurrences of each block we must count. Let’s count of the non-overlapping
occurrences of By and Bz in (1...999) = (s1 s2 s3); that is, we want to calculate for ¢ =1.2,

3
Z 0CCno(Bi, s¢).
=1

We count up to £ = 3, but the procedure is similar for every £.
Case of By:
® 0cCpo(Bi1,s1) =0, because k =2 > 1.
® 0cCpo(Bi1, s2) = 1, because the only occurrence of By in sg is (11).
)

® 0cCpo(Bi, s3) = 19, because there are ten occurrences of the form (11 %) and nine of
the form (x 11).
3
Thus, Z 0cCno(B1, s¢) = 20.
=1
Case of Bs:

® 0cCpo(Bi1,s1) =0, because k > 1.
® 0cCpo(Bi1, s2) = 0, because the term (0 0) does not appear in the c.
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® 0ccno(B1, s3) = 9 because there are nine occurrences of the form (% 00), but none of

the form (00 ) .

3
Thus, Z 0¢Cno(B1,s¢) = 9.

(=1
a

In order to use Lemma[2] we must see that there exists a constant C' such that for infinitely
many N € N,

N
locc(c, B1, N) — occ(c, Ba, N)| > Cm,
where B; and By are the witnessing blocks. Let N € N. Observe that |occ(c, By, N) — occ(c, B2, N)|
is equal to
|occno(c, B1, N) + occo(c, B1, N) — (0occpo(c, Bay N) + occo(c, Ba, N))| .

We first calculate occpo(c, B1, N) — occpo(c, B2, N). For ¢ € N, we calculate occ,o(B1,sp) —
0CCno(Ba, sg). Recall in Lemma [1| we define occpo(B;, s¢) as the number of non-overlapping
occurrences of B; in

se=(1071,...,10° =1) = (10...0, ... ,9...9).
—— ——
¢ digits ¢ digits

If ¢ < k: occpo(Bi,s0) =0, for i =1, 2.
If ¢ > k:

0CCno(B1, 8¢) = 106F + l—kK)-9- 10K_k_1, because the first digit of By is not 0.
0CCno(Ba, sg) = (£ — k) - 9- 1071 because the first digit of By is 0.
Therefore,
(7) 0CCno(B1, 8¢) — 0¢Cno(Ba, s¢) = 10°7F, for all £ > k.
Remark. We are using that the first digit of By is zero and the first digit of By is not zero.

Let v = v(N) and n = n(N). As in the proof of Lemmal (] for i = 1,2 it holds that
n—1
occno(Bi, e, N) = Z 0¢Cno(Bi, s¢) + 0ccno(Bi,v) — O(n)
=k

We must calculate occyo(B1,v) — occpo(Ba,v).
If n < k: ocepo(Bs,v) = 0.
If n > k: As in the proof of Lemmalet v =11 ...0p, and for each j € {0,...,n — k}, let
a; = vi...v;. Let occpo(B,v,j) be the amount of numbers of the form
yi=x...%x B *x...% with y; < wv.
7 digits n—k—j digits
Case j = 0. We count the amount of numbers of the form
Yo = B; u con yo < v.
n—k digits
Since the first digit of By is zero,

0CCpo(Ba,v,0) = 0.
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Again by proof of Lemma
0CCno(B1,v,0) < 10",
Case 1 < j <n — k. The amount of numbers of the form y; with the first j digits less than
a;j , then y; < v, and then occ,o(B1,v, j) = occno(B2,v, 7). If the first j digits of y; are greater
than a;, then y; > v so they do not add up to occno(B1,v, j) nor to occpo(Ba,v, 7). Finally,
if the first j digits of y; are equal to a;. There, the number of non-overlapping occurrences

of By could be different from that of By. We analyze this case. Let A;(B;) be the amount of
numbers of the form

yj =v1...v; B; x...x , withy; <wo.
n—k—j digits
o If B; >wji1...vj4% : Aj(B;) =0, then in that case y; > v.
o If Bi = vjq1...vj4k : Aj(B;) = Vjyks1---vn + 1, then the last n — k — j they can
take any value from 0 to vjypq1...vn.
o If B <wjp1...vj41: Aj(By) = 10" %77 then the last n — k — j can take any value
from 0 to 9...9.
——
n—j—k
Therefore, A;(B;) < 10" %77 for each j € {1,...,n — k}. So, for N large enough so that
n >k,
n—k
(8)  octno(B1,v) — 0CCno(Ba2,v) = occno(B1,v,0) + Z(occno(Bl, v, J) — occno(Ba, v, 7))
j=1
n—k
= 0cCno(B1,v,0) + > (A;(By) — Aj(By)).
j=1
Remark. Since By < By, then 0 < Aj(B;) < Aj(B2). Hence,

v1...0; Byx---x < v implies wvy...v; :Box---x < o

n—k—j n—k—j
digits digits

Hence,
(9)  0<A;(B)—Aj(By) < 10"k,
We conclude that for all N large enough so that n > k,

(10)  ocepo(c, By, N) — occpo(c, By, N) =
1

I
M:

n—1
0CCno(B1, s¢) + 0ccno(B1,v) — O(n) — < Z 0CCno(Ba, S¢) + 0¢Cro(B2,v) — O(n))
ell=Fk

[
Il
_

3
|

0CCno(B1, 8p) — 0CCpo(Ba, Sp) + 0CCpo(B1,v) — 0ccpo(Ba,v) + O(n)

Il
3~
Lol M
_

10°% 4 0ceno(B1,v) — 0ccno(Ba, v) + O(n) using

Iy
ko
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i
L

n—=k
10°7% + occno(B, v,0) + Z Aj(B1) — Aj(B2) + O(n) using ‘%’

=k j=1
n—1 n—=k

> 107F 4+ > " Aj(B1) - Aj(B) + O(n)
=k j=1
n—1 n—k

=107 = ST A(By) - A(B1) + O(n)
(=k j=1
n—1 n—k

> 10¢7% — Z 10" 7% 4 O(n) using
=k j=1

We now count the overlapping occurrences.

Remark. Since By is the block of all zeros, it has no overlapping occurrences (since no number
starts with leading zeros). This explains the choice of Bs.

We count the overlapping occurrences of Bj. It is enough for us to count some of them,
enough so as to verify the hypothesis of Lemma [2]
Recall that By = (11 x---% )= (biba...bg). Then, we define for each ¢ € N,

k—2 digits
£—F digits
Pr={meN:m=bybs...by 5% by =bol0 4b310° 2. . +b, 10" F 4. +by}
ell digits
That is, Py is the set numbers of ¢ digits, whose first k£ — 1 digits are (ba b3 ...bx), and its last

digit is by .
Ife<k: #P=0.
If ¢ > k: #P; = 10", then there are ¢ — k free digits.

Remark. We are using that by # 0, otherwise we would be looking for m € N that starts
with a leading zero.

Observe that for every element of P, there is an occurrence overlapping B; between two £
digit numbers. Then,

(11)  occo(By,s¢) > 1057F, Ve >k
where, remember, occ,(B1, s¢) was the number of overlapping occurrences B in sp.

Remark. We are using:

e Lk # 1, otherwise there would be no occurrences around Bj.
e by # 9, because if not, it could happen that m = 02 9...9 and then m + 1 does not
have by as its first digit, and therefore, it does not produce an overlapping.

Therefore, for all N large enough so that n > k,
occ(c, B1,N) — occ(e, Ba, N) =
= 0cCpo(c, B1, N) 4 occo(c, B1, N)) — (occno(c, Ba, N) + occy(c, B2, N))
= ocCpo(c, B1, N) — occpo(c, Ba, N) 4 oceo(c, Bi, N) — Iocco(BQ, ¢ 1, N)I
=0
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f
L

100-* Zlo" I7F 4+ 0(n) + occo(c, B1,1,N)  using "

=k j=1
n—1 n—k n—1
> Z 1047k — Z 10"k 4 O(n) + Z occo(Bi, Sp)
=k j=1 =1
n—1 n—k
10°F =" 10" F + O(n +Z1o€ F using 1;
=k J=1
no1
= 10¢F Z 107 % + O(n) change of variable: m =n —j
l=k
n—1
=Y 10"+ 0(n)
l=k
1
> Wlon
(12) > L N

~ 10%+1log(N)"

To see the last inequality observe that, since n is the number of digits of v,

n—1 n
jooo 910l S N<Y 9100
: u — :
J=1 Number of Quantity Jj=1
digits of of numbers
each number m s;

T
; 10" 1
Furthermore, for all r € N, Zj 29100t =10 — + g Then,
j=1
= ot 1 1
N> 91007 =10""tn—1- —>10" 1 (n—1- =
= Jz::l] n 9 + 9 n 9

Therefore,

1
log(N) >n —1+log <n—90>

And

1 0™ 1
log(N)10™ > (n — 1+ log(n — 90)> 10" > <10"n - % + ) E §j-9-100"' > N.
7=1

Finally, we make the constant K explicit. We just proved in that

N

occe(c, B1, N) — occ(c, Ba, N) > Clog(N)
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1
with C' = ToRL Since since the smallest possible value of k£ that we can take is k = 2, and
by Lemma [2 we can take K = C/3, we obtain

C 1 1

3 10kH13 1033

The statement of Theorem [2] asks the bound for infinitely many N. Since we gave the lower
bound for all N sufficiently large so that n(N) > k, we gave it for for cofinitely many N, a
stronger result. The proof of Theorem [2]is complete. [

ACKNOWLEDGEMENTS

This work was supported by grant UBACYT 20020220100065BA from Universidad de
Buenos Aires.

REFERENCES

[1] V. Becher and O. Carton. Normal numbers and computer science. In V. Berthé and M. Rigo, editors,
Sequences, Groups, and Number Theory, Trends in Mathematics Series. Birkhauser/Springer, 2018.
[2] V. Becher and T. Slaman. On the normality of numbers to different bases. Journal of the London
Mathematical Society, 90(2):472-494, 2014.
[3] Y. Bugeaud. Distribution modulo one and Diophantine approzimation, volume 193 of Cambridge Tracts
in Mathematics. Cambridge University Press, Cambridge, 2012.
[4] D. G. Champernowne. The construction of decimals normal in the scale of ten. Journal of the London
Mathematical Society, 8:254-260, 1933.
[5] D.D.Wall. Normal numbers. PhD thesis, University of California Berkeley, 1949. Ph.D.Thesis.
[6] K. Fukuyama. The law of the iterated logarithm for discrepancies of {6 nx}. Acta Mathematica Hungarica,
118:155-170, 2008.
[7] I. G4l and L. Gal. The discrepancy of the sequence (2"x). Indagationes Mathematicae, 26:129-143, 1964.
[8] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford, at the Clarendon Press,,
1954. 3rd ed.
[9] G.H. Hardy. Letter from G.H. Hardy to A.M. Turing, late 1930s. Turing Digital Archive AMT/D/5 -1
ALS, G.H. Hardy. [late 1930s].
[10] N. Korobov. Numbers with bounded quotient and their applications to questions of diophantine
approximation. Izv. Akad. Nauk SSSR Ser. Mat., 19:361-380, 1955
[11] L. Kuipers and H. Niederreiter. Uniform distribution of sequences. Pure and Applied Mathematics. Wiley-
Interscience [John Wiley & Sons|, New York-London-Sydney, 1974.
[12] Y. Nakai and I. Shiokawa. Discrepancy estimates for a class of normal numbers. Acta Arithmetica,
62(3):271-284, 1992.
[13] W. Philipp. Limit theorems for lacunary series and uniform distribution mod 1. Acta Arithmetica
26(3):241-251, 1975.
[14] J. Schiffer. Discrepancy of normal numbers. Acta Arithmetica, 47(2):175-186, 1986.
[15] W. Schmidt. Irregularities of distribution VII. Acta Arithmetica, 21:45-50, 1972.

Verénica Becher

Departamento de Computacion, Facultad de Ciencias Exactas y Naturales e ICC
Universidad de Buenos Aires y CONICET

Pabellon 0, Ciudad Universitaria (C1428EGA) Buenos Aires, Argentina
vbecher@dc.uba.ar

Nicole Graus

Departamento de Matemaética, Facultad de Ciencias Exactas y Naturales Universidad de Buenos Aires
Pabellon 1, Ciudad Universitaria (C1428EGA) Buenos Aires, Argentina
nicole.graus.h@gmail.com



	1. Normal numbers
	2. Discrepancy estimate of normal numbers
	3. Statement of results
	4. Basic Tools
	5. Theorem 1: Upper bound
	5.1. Counting occurrences
	5.2. Proof of Theorem 1

	6. Theorem 2: Lower Bound
	6.1. Witnessing Blocks
	6.2. Proof of the Theorem 2

	Acknowledgements
	References

